Rules for integrands of the form P, [x] (a + bx + c x*)” when q> 1

1: JPq[x] (a+bx+cx*)?dx whenp+2ez*

Derivation: Algebraic expansion

Rule1.2.1.8.1:If p+ 2 € Z*, then

JPq[x] (a+bx+cx?)Pdx — JExpandIntegrand[Pq[x] (a+bx+cx?)?, x] dx

Program code:
Int[Pq_= (a_+b_.*x_+c_.*x_"2)~p_.,x_Symbol] :=

Int [ExpandIntegrand [Pqx (a+b*x+c*xx"2) *p,x],Xx] /;
FreeQ[{a,b,c},x] &% PolyQ[Pq,x] && IGtQ[p,-2]

2: Jpq[x] (a+bX+CX2)ple when Pq[X, 0] =0

Derivation: Algebraic simplification

Rule 1.2.1.8.2: If Pq[X, @] == @, then

J-Pq[x] (a+bx+cx*)?dx — |xPolynomialQuotient[Pq[x], X, X] (a+bx+cx?)”dx

Program code:

Int[Pq_x(a_.+b_.*x_+c_.*x_"2)"p_,x_Symbol] :=
Int[xxPolynomialQuotient[Pq,X,X] (a+bxx+C*Xx"2)p,x]| /;
FreeQ[{a,b,c,p},x] & PolyQ[Pq,x] && EqQ[Coeff[Pq,x,0],0] && Not[MatchQ[Pq,x"m_.xu_. /; IntegerQ[m]]]



Rules for integrands of the form Pq(x) (a+b x+c x~2)"p

3: qu[x] (a+bx+cx?)?dx whenb®-4ac=0

Derivation: Piecewise constant extraction

+bx+c x2)?
Basis: If b - 4 a ¢ == 0, then o farbxrex?)?

(b+2 cx)2P

Rule 1.2.1.8.3:If b> - 4 a c == 9, then

FracP.
(a+bx+cx?) ™ art[pl

J.Pq[x] (a+bX+Cx2)pd]x—) qu[x] (b+2CX2)2ple

(4 C) IntPart[p] (b +2cC X) 2 FracPart[p]

Program code:

Int[Pq_= (a_+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
(a+bxx+cxx~2) ~*FracPart[p]/ ( (4*c) *IntPart[p] * (b+2xcxx) " (2xFracPart[p])) *Int [Pqx (b+2xcxXx) " (2xp),x] /;
FreeQ[{a,b,c,p},x] && PolyQ[Pq,x] && EqQ[b”*2-4xaxc,0]

4: qu[x] (a+bx+cx?*)?dx whenb?-4ac#0 A p<-1

Derivation: Algebraic expansion and quadratic recurrence 2a

Rule1.2.1.8.4:1f b2-4ac+0 A p< -1,
let Qg-2[x] - PolynomialQuotient [Pq[x], a+bx+cx?, x]and
f + g x > PolynomialRemainder [Pq[x], a+bx+cx?, x|, then

JPq[x] (a+bx+cx®)?Pdx —

j(f+gx) (a+bx+cx2)pdlx+JQq-z[X] (a+bx+cx?)P ax —



Rules for integrands of the form Pq(x) (a+b x+c x~2)"p

bf-2 2cf-b b 2)p+t
( 2g+ (2¢ g) x) (a+rbx+cx) + ! J(a+bx+cx2)p+1((p+1) (b>-4ac)Qq2[x] - (2p+3) (2cf-bg))dx
(p+1) (b*-4ac) (p+1) (b*-4ac)

Program code:

Int[Pq_x(a_.+b_.*x_+c_.xx_"2)"p_,x_Symbol] :=
With[{Q=PolynomialQuotient [Pq,a+bxx+c*x"2,X],
-F=Coef-F[PolynomialRemainder[Pq,a+b*x+C*x"2,x] ,x,O] 5
g=Coeff [PolynomialRemainder [Pq,a+bxx+cxx"2,x],x,1] },
(b*f—Z*a*g+ (2*c*f—b*g) *X) * (a+bxX+Ccxx*2) A (p+1) / ((p+1) * (b~2-4xaxc)) +
1/ ((p+1) » (b"2-4xaxc) ) »Int[ (a+bxx+C*x"2) ~ (p+1) xExpandToSum| (p+1) » (b"2-4xaxC) Q- (2xp+3) * (2xc+f-bxg) ,x],x]|] /;
FreeQ[{a,b,c},x] &% PolyQ[Pq,x] && NeQ[b”2-4xaxc,0] & LtQ[p,-1]



Rules for integrands of the form Pq(x) (a+b x+c x~2)"p

5: qu[x] (a+bx+cx?)?dx whenb*-4ac#0 A pt-1

Reference: G&R 2.160.3
Derivation: Trinomial recurrence 3awithA =9,B=l1landm=m-n
Reference: G&R 2.104

Note: This special case of the Ostrogradskiy-Hermite integration method reduces the degree of the polynomial in the
resulting integrand.

Rule1.2.1.85:1f b2-4ac+0 A p £ -1, letesr,ix, q1, then

Jpq[x] (a+bx+cx2)"d1x -
J(Pq[x] -ex) (a+bx+cx2)pd1x+ejxq (a+bx+cx®)?Pdx —

exd?t (a+bx+cx2)p+1

1

+ j(a+bx+cx2)p(c (@+2p+1) Pg[x] -ae (q-1) x¥*-be (q+p) x  -ce (q+2p+1) xI) dx
c(q+2p+1) c(q+2p+1)

Program code:

Int[Pq_=(a_.+b_.*x_+c_.*x_"2)"*p_,x_Symbol] :=
With [{q=Expon[Pq,X],e=Coeff[Pq,x,Expon[Pq,x]]},
exx” (q-1) » (a+bxx+c*x*2) ~ (p+1) / (c* (q+2xp+1)) +
1/ (c* (q+2xp+1) ) *Int [ (a+bxx+CcxXx*2) *p*
ExpandToSum[c* (q+2%p+1) *Pg-a*e* (q-1) *x" (q-2) -bxex (q+p) *x* (q-1) -cxex (q+2*xp+1) *x*q,x] ,X] ] /5
FreeQ[{a,b,c,p},x] && PolyQ[Pq,x] && NeQ[b”2-4xaxc,0] &% Not[LeQ[p,-1]]



